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Abstract
We study Stratonovich s.d.e. driven by semimartingales in the tangent bundle TM over a differentiable
manifold M . In ordinary differential geometry, a connection on M is needed to define the covariant
derivative of a C1 curve in TM; by the transfer principle, Elworthy and Norris have defined a Stratonovich
covariant integration along a continuous semimartingale in TM. We extend this to the case when the
semimartingale jumps, using Norris’s work and Cohen’s results on s.d.e. with jumps on manifolds, in order
to give a discretization theorem for such Stratonovich covariant s.d.e. with jumps.
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0. Introduction
In this paper, we expose results of [6], about covariant stochastic differential equations
(s.d.e.) driven by semimartingales with jumps in a vector fibre bundle TM over a differentiable
manifold M . Our motivations come from both differential geometry and probability. On the
one hand, covariant differential equations are frequently used to intrinsically describe in a
moving frame the evolution of some process. Some equations, for instance in gauge theories
(see [3]), may be studied in a stochastic framework. The transfer principle provides an analogy
between the integration against the tangent vector to a C1 curve and against the Stratonovich
infinitesimal variation of a semimartingale. This permits us to define Stratonovich covariant
s.d.e. on manifolds (see [8]). Then, Itoˆ covariant s.d.e. can be defined with a Stratonovich to
Itoˆ conversion formula, for which a connection is needed. Therefore, we start in this paper with
the study of Stratonovich covariant s.d.e.; Itoˆ covariant s.d.e. will be studied in a later paper. On
the other hand, discretization theorems for s.d.e. can be written with manifold-valued processes
with jumps (see [1] and [2]). Thus, the formalism presented in this paper permits us to write a
discretization theorem for Stratonovich covariant s.d.e.
In the first part of the paper, we give reminders of the geometry and probability needed for
placing our results in their context. We summarize Cohen’s results [2] about s.d.e. with jumps
in manifolds, and explain the particular case of Stratonovich equations. Next, we recall the
definition of a linear connection, yielding the notion of a covariant derivative. Then, by the
transfer principle, we define continuous Stratonovich covariant s.d.e. on manifolds, equivalent
to those given by Norris in [8]. In a second part, we give sense to a Stratonovich covariant
s.d.e between manifolds N and M , for semimartingales with jumps. Two applications are given.
The first one permits us to recover Cohen’s definition of stochastic horizontal lift along a
ca`dla`g semimartingale. The second one, with M = R, permits us to recover a Stratonovich
covariant integral with jumps, studied in [6]. We conclude by giving a discretization theorem for
Stratonovich covariant s.d.e.
Geometric assumptions and notation
Throughout the paper, M and U are C∞ manifolds without boundary. They are assumed to
have a countable atlas, so Whitney’s imbedding theorem allows us to imbed these paracompact
manifolds in Rm . All formulas given in coordinates are expressed in such an imbedding (but
never depend on it). The Einstein summation convention is used. We work on manifolds called
M and N ; however, every time we recall general results, intended to be applied later to M (resp.
N ) or to TM (resp. TN), the manifolds are called U or W .
For z inU , TzU denotes the tangent space ofU at z, and TU = ∪z∈U TzU the tangent bundle.
For every V in TU , the notation V = (x, v) means that x is the projection of V on U and v is
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the part of V in the fibre TxU above x . Recall that α is a first order form on U if, for every z in
U , αz belongs to T ∗z U , that is the set of linear maps from TzU to R (for instance, the differential
d f of a smooth function f on U is a first order form on U ).
For all z inU , τzU denotes the tangent space of order two toU at z, that is the set of differential
operators at z, of order at most two, with no constant term (called second order tangent vectors
at z on U ). τU = ∪z∈U τzU is called the tangent bundle of order two. Θ is a second order form
on U if, for every z in U , Θz belongs to τ ∗z U (for instance, the 2-jet d2 f of a smooth function f
on U is a second order form on U ). See [4] for more details.
For all z in U ,
4
τ ∗zU denotes the set of real functions θz on U , twice differentiable at z and
such that θz(z) = 0.
4
τ ∗ U is defined by
4
τ ∗ U = ∪z∈U
4
τ ∗zU . See [1] for more details.
A connection on a manifold U permits us to define exponential maps, geodesics and parallel
transport along a C1 curve on U (see [5] and [9]). U is said to be simply convex if any two
points x and y can be joined by a unique geodesic on U . We will suppose in that case that this
geodesic can be written with the exponential map on M as (ct )t∈[0,1] = (expx (t exp−1x y))t∈[0,1],
with c0 = x , c1 = y, and ∂c∂t |t=0 = exp−1x (y).
Note on the coordinates used in formulas: we use coordinates on M , TM and τM , arising from
a given system of coordinates on M . For every point x on M , (x i )i=1...m denotes a system of
coordinates around x in M . The standard basis of TxM is ( ∂∂x i )i=1...m and the corresponding
dual basis of T ∗x M is (dx i )i=1...m . It follows that
• every u in TxM can be written as u = dx i (u) ∂∂x i ,
• every L in τxM can be written as L = d2x i (L) ∂∂x i + dx i .dx j (L) ∂
2
∂x i ∂x j
.
For every V = (x, v) in TM, the systems of coordinates (x i )i=1...m around x in M and
(vi )i=1...m = (dx i (v))i=1...m around v in TxM yield a system (V i )i=1...m = ((x i , vi ))i=1...m of
coordinates around V in TM. The standard basis of TVTM is ( ∂∂V i )i=1...m = (( ∂∂x i , ∂∂vi ))i=1...m
and the corresponding dual basis of T ∗VTM is (dV i )i=1...m = (dx i , dvi )i=1...m . It follows
that
• every U in TVTM can be written as U = dx i (U) ∂∂x i + dvi (U) ∂∂vi ,• every L in τVTM can be written as
L = d2x i (L) ∂
∂x i
+ d2vi (L) ∂
∂vi
+ dx i .dx j (L) ∂
2
∂x i∂x j
+ 2dx i .dv j (L) ∂
2
∂x i∂v j
+ dvi .dv j (L) ∂
2
∂vi∂v j
.
Probabilistic assumptions and notations
A standard probability space (Ω ,F, P) is given, endowed with a filtration (Ft )t≥0, satisfying
the usual hypotheses. Any process z onU is denoted by (zt ), where the time t is always assumed
to be positive. Recall that a process is said to be “ca`dla`g” if it is right continuous and left limited.
(zct ) denotes the continuous martingale part of the ca`dla`g semimartingale (zt ). We say that a
U -valued process (zt ) is a continuous (resp. ca`dla`g) semimartingale onU if, for all C2 functions
f on U , ( f (zt )) is a real continuous (resp. ca`dla`g) semimartingale. The notions of locally
bounded and predictable processes on U will be used. We refer the reader to [4] and [1] for
precise definitions.
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1. Reminders of geometry and probability
1.1. Stochastic differential equations with jumps
1.1.1. Definition
We summarize here the results of [2] concerning s.d.e. with jumps. These reminders use
Cohen’s formalism for stochastic integrals with jumps (the integral of the second order form
Θ along the ca`dla`g semimartingale z is denoted by
∫
Θ
4
d z). Although this formalism was
used by Cohen to prove the following Propositions 1 and 2, we do not need to be more specific
about it for the paper; with the following few reminders, we expect the reader to understand the
assignment of the function Φ which describes the jumps of the solution, for instance through
the formula given in coordinates in Proposition 1; the reader may compare it with the known
corresponding formula for processes with jumps in Rm . For more details, we refer the reader
to [2].
Let U and W be two differential manifolds. Cohen defines a s.d.e. driven by a ca`dla`g
semimartingale (wt ) in W , with solution (zt ) in U , written as follows
4
d z = Φ(z,
4
d w),
where Φ(wt− , zt− , wt ) describes the jumps of the solution.
In the following, we will study s.d.e. with a point coefficient Φ. However, note that our results
are true with a more general Φ (see [2]).
Definition 1. Let Φ : (W ×U )×W → U be a smooth map such that
1. v → Φ((w, z), v) is twice differentiable in a neighbourhood of the diagonal
{((w, z), w), (w, z) ∈ W ×U }.
2. ∀(w, z) ∈ W ×U : Φ((w, z), w) = z.
Then the mapw → Φ((wt− , zt−), w) is called a point coefficient. It is a previsible and locally
bounded process above (wt−).
Definition 2. Let (wt ) be a ca`dla`g semimartingale on W , Φ a point coefficient above (wt−), and
zo an F0-measurable variable in U . We say that (zt ) is a solution of the s.d.e. with jumps
4
d z = Φ(z,
4
d w), z0 = zo,
if (zt ) is a semimartingale in U , such that z0 = zo and, for every θ in
4
τ ∗ U , predictable and
locally bounded above (zt−), we have∫
θ
4
d z =
∫
Φ(z)∗(θ)
4
d w, z0 = zo,
where the process (Φ(z)∗(θ)t ) is defined by
∀w ∈ W, Φ(z)∗(θ)t (w) = θt ◦ Φ((wt− , zt−), w). (1)
Proposition 1. If Φ is a point coefficient, of class C3 on a neighbourhood of the diagonal
{((w, z), w), (w, z) ∈ W ×U }, then there exists a unique solution (zt ) of the s.d.e. with jumps
4
d z = Φ(z,
4
d w), z0 = zo,
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defined up to explosion (that is defined on [0, T [, where T > 0 is the previsible stopping time of
explosion of (zt )). Moreover, in some imbeddings for W and U, we write
zrt = zro +
∫ t
0
∂Φr
∂zi
((ws− , zs−), ws−)dz
i
s +
1
2
∫ t
0
∂2Φr
∂zis∂z
j
s
((ws− , zs−), ws−)d < z
ic , z j
c
>s
+
∑
0<s≤t
[
Φrs ((ws− , zs−), ws)−
∂Φrs
∂zi
((ws− , zs−), ws−)4zis
]
.
The map Φ contains all the information: it describes the jumps of the solution and provides the
drift and diffusion parts from its first and second derivatives. Note that, according to the second
point of Definition 1, the solution (zt ) jumps at the same times as (wt ).
1.1.2. Discretization theorem
We recall the discretization theorem given by Cohen in [2].
Definition 3. A subdivision (σ n)n∈N is said to converge to the Identity if each σ n = (T nk )k≤k(n)
is a finite increasing sequence of stopping times such that T n0 = 0 and
1. limn→+∞ supk(T nk ) = +∞.
2. ‖σ n‖ def= supk |T nk+1 − T nk | and limn→+∞ ‖σ n‖ = 0 ps.
Theorem 1. Consider the sequence (Y nt ), defined by
• Y n0 = Yo,
• Y nt = Φ((WT nk , Y nT nk ),Wt ) for t ∈ [T
k
n , T
n
k+1] and k < k(n),
• Y nt = Φ((WT nk(n) , Y nT nk(n)),Wt ) if t ≥ T
n
k(n),
for a subdivision (σ n)n∈N = ((T nk )k≤k(n))n∈N converging to the Identity.
Then the process (Y nt ) converges uniformly on compacts in probability, to the unique solution
(Yt ), defined on [0, T ] (T is the explosion time of the solution), of the s.d.e.
4
d Y = Φ(Y,
4
d W ), Y0 = Yo.
See [2] for more details and proof.
1.1.3. Stratonovich differential equations with jumps
Consider a smooth coefficient e, such that, for every (w, z) in W × U , e(w, z) is a linear
map from TwW to TzU . To define a Stratonovich s.d.e. with jumps, we need to be given an
interpolation rule on W .
Definition 4 (Cohen). A mapping I : [0, 1] × W × W → W is an interpolation rule if, for all
w, v inW , I (., v, w) is smooth, for all s in [0, 1], I (s, ., .) is measurable, C3 on a neighbourhood
of the diagonal of W ×W , and if I satisfies
(i) I (s, w,w) = w, (ii) I (0, v, w) = v, I (1, v, w) = w, (iii) ∂ I (s,v,w)
∂w
|w=v = λ(s)I dTvW for a
smooth λ.
For instance, if W is a vector space, the linear interpolation I (s, v, w) = v + s(w − v) is an
interpolation rule on W . The fundamental example we will consider is the following (see [6] for
more details).
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Example 1 (Geodesic Interpolation Rule). If W is simply convex, the geodesic joining two
points, c : [0, 1] × W × W → W , defined by ∀s ∈ [0, 1],∀v,w ∈ W, c(s, v, w) =
expv(s. exp
−1
v (w)), is an interpolation rule, called the geodesic interpolation rule on W .
Suppose that an interpolation rule I is given on W . When the semimartingale (wt ) jumps, it
is interpolated with I between the points wt− and wt . Then Φ((wt− , zt−), wt ) is the solution at
time s = 1 of the differential equation driven by (I (s, wt− , wt ))s∈[0,1], with coefficient e.
Definition 5. Let I be an interpolation rule on W . For every ca`dla`g semimartingale (wt ) on W ,
for zo in U , the Stratonovich s.d.e. with jumps
4
∂ zt = e(wt− , zt−)
4
∂ wt , z0 = zo
is defined as equivalent to
4
d z = Φ(z,
4
d w), z0 = zo, (2)
with Φ((wt− , zt−), wt ) = Φ(1), where Φ(s) is the solution of the differential equation
∂Φ(s)
∂s
= e(I (s, wt− , wt ),Φ(s))∂ I (s, wt− , wt )
∂s
, Φ(0) = zt− . (3)
By Proposition 1, there exists a unique solution (zt ) in U of the s.d.e. (2), defined up to
explosion.
Proposition 2. When the semimartingale (wt ) is continuous, the s.d.e.
4
∂ zt = e(wt− , zt−)
4
∂ wt
is equivalent to the continuous s.d.e.
∂zt = e(wt , zt )∂wt .
Proof. See [2]. 
1.2. Covariant calculus
1.2.1. Connection on M
There are many ways permitted for defining a connection on a manifold. We specify here
our approach. Starting from the general definition in a principal fibre bundle, following [5], [9]
and [10], we work in the particular case of a linear connection in the principal fibre bundle
L(M) of linear frames on M , with the linear group Glm(R). More precisely, we consider a
connection on the associated vector bundle TM with standard fibre Rm . Note that our presentation
of connection may slightly differ from the usual ones. More details and proofs needed to get the
equivalence with classical definitions can be found in [6]. Note also that, throughout the paper,
TM may be replaced by a principal bundle E over M .
For all V = (x, v) in TM, the fibre through V is TxM . The tangent space TVTM of TM
at V contains a canonical subset Tv(TxM) (rigorously di(V )(TV (x, TxM)) with the inclusion
i : (x, TxM) ↪→ TM). This space is called the vertical space at V , and denoted by VVTM. A
connection on M is a way of choosing for each V a supplementary spaceHVTM of this vertical
space, called the horizontal space at V .
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Definition 6. A connection on M is a smooth map p : V ∈ TM → pV such that, for every
V = (x, v) in TM
1. pV projects TVTM onto the vertical space VVTM = Tv(TxM).
2. ∀λ ∈ R, pλ¯V ◦ dλ¯(V ) = λpV where λ¯(V ) = (x, λ.v).
Every vector U = dx i (U ) ∂
∂x i
+ dvi (U ) ∂
∂vi
on TVTM can be uniquely written asU = UV +UH
with a vertical component UV and a horizontal one UH, expressed as follows
UV = pV (U ) = [dvi (U )+ Γ ijk(x)vkdx j (U )]
∂
∂vi
, (4)
UH = U − pV (U ) = dx i (U ) ∂
∂x i
− dxk(U )Γ ik j (x)vk
∂
∂vi
. (5)
Remark 1. Seeing the tangent space TVTM at V = (x, v) as a product space TxM × Tv(TxM),
we will sometimes write
pV (U ) = pV
(
dx i (U )
∂
∂x i
, dvi (U )
∂
∂vi
)
.
By the linearity of pV , we get
pV (U ) = dx i (U )pV
(
∂
∂x i
, 0
)
+ dvi (U )pV
(
0,
∂
∂vi
)
.
Since pV is a projection on the vertical space, pV (0, ∂∂vi ) = ∂∂vi . It follows that
pV (U ) = dx i (U )pV
(
∂
∂x i
, 0
)
+ dvi (U ) ∂
∂vi
.
In particular, if the part dx i (U ) ∂
∂x i
of U on TxM and its vertical part pV (U ) are known, we
recover the part dvi (U ) ∂
∂vi
of U in Tv(TxM).
1.2.2. Covariant derivative of a C1 curve
Let p be a connection on M and (Yt ) = ((xt , yt )) a curve of class C1 in TM. Its covariant
derivative is the usual derivative seen in a frame moving parallel along its projection curve (xt )
on M . It can also be seen as a projection of the usual derivative onto the vertical space as follows.
Definition 7. The covariant derivative of the curve (Yt ) = ((xt , yt )) is defined by
∂VYt
∂t
= pYt
(
∂Yt
∂t
)
. (6)
In an imbedding, one has ∂
VYt
∂t = [ ∂y
i
t
∂t + Γ ijk(xt )ykt ∂x
j
t
∂t ] ∂∂yi , where ∂∂yi ∈ Tyt (Txt M).
Notice our (non-usual) notation for the covariant derivative: the exponent V stands for
“vertical”, since the covariant derivative is valued in the vertical space Tyt (Txt M).
Remark 2. In [8], Norris uses the following formula for the covariant derivative:
∂VYt
∂t
= τ /0t
∂(τ
/
t0Yt )
∂t
(7)
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where τ / is the parallel transport along the projection curve (xt ) of (Yt ) on M . The equivalence
between (6) and (7) is proved in [6].
1.3. Continuous Stratonovich covariant calculus
Let p be a connection on M . According to (6), we can consider the covariant case as the image
of the classical one by the projection p. With regard to the integration of a form α, it corresponds
to the pull-back of α by p.
Definition 8. The pull-back of the first order form α by the map p is the first order form p∗(α)
on TM, defined by: ∀V ∈ TM,∀U ∈ TVTM, p∗(α)V (U ) = αV (pV (U )).
Remark 3. Note that, since the projection pV is Tv(TxM)-valued, only the part of p∗(α) acting
on this vertical space is involved. The vector pV (U ) ∈ Tv(TxM) is seen as an element of TVTM.
We use the transfer principle to define a Stratonovich covariant integral as follows. By
Remark 2, this definition is equivalent to those proposed by Norris in [8].
Definition 9. Let p be a connection on M . For every continuous semimartingale (Yt ) =
((xt , yt )) on TM and every first order form α on TM, we define the Stratonovich covariant integral
of α along (Yt ) by∫
αYt ∂
VYt =
∫
p∗(α)Yt ∂Yt .
In an imbedding, one has∫
αYt ∂
VYt =
∫
(αYt )i [∂yit + Γ ijk(xt )ykt ∂x jt ],
where (αYt )i = αYt ( ∂∂yi ), ∂∂yi ∈ Tyt (Txt M).
To study covariant stochastic differential equations, we work with two manifolds N and M ,
and consider semimartingales on TN and TM. From now on, e will be a smooth coefficient such
that, for every W = (r, w) in TN and every Y = (x, y) in TM, e(W, Y ) is a linear map from
Tw(TrN ) to Ty(TxM).
Notice that covariant s.d.e. are well defined only if the projection part (piYt ) on M of the
solution (Yt ) in TM is known.
Proposition 3. Let p(N ) and p(M) be connections of order one, respectively on N and M. Let
(Wt ) be a continuous semimartingale in TN, (xt ) a continuous semimartingale in M, and Yo an
F0-measurable variable in TM.
We say that (Yt ) is a solution of the Stratonovich covariant s.d.e.
∂VYt = e(Wt , Yt )∂VWt , Y0 = Yo (8)
if (Yt ) is a continuous semimartingale in TM, such that Y0 = Yo and, for every form α on TM,
we have∫
αYt p
(M)
Yt
∂Yt =
∫
αYt e(Wt , Yt )p
(N )
Wt
∂Wt , Y0 = Yo.
There exists a unique solution (Yt ) = ((xt , yt )) of the Stratonovich covariant s.d.e. (8), defined
up to explosion.
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To prove the uniqueness for the solution of a covariant s.d.e., we use the following lemma and
Remark 1.
Lemma 1. For every coefficient e as above and connections p(N ) on N and p(M) on M, define
the map f on the manifold (M × TN)× TM, as follows.
For every Z = (x,W ) in M × TN and every Y = (x, y) in TM, f (Z , Y ) is given by
∀(U1,U2) ∈ TZ (M × TN) ' TxM × TWTN,
f (Z , Y )(U1,U2) = e(W, Y )p(N )W (U2)− p(M)Y (U1, 0).
Then, f is a smooth map such that, for every Z = (x,W ) in M × TN and every Y = (x, y) in
TM, f (Z , Y ) is linear from TZ (M × TN) to Ty(TxM).
Proof (Of Lemma). The smoothness of the map f comes from that of (W, Y ) → e(W, Y ) and
that of V → pV for every connection p. Moreover, for every Y = (x, y) in TM, the map
p(M)Y (., 0) : TxM × {0} ⊂ TYTM → Ty(TxM) (with 0 ∈ Ty(TxM))
is linear. For every Y = (x, y) in TM and W = (r, w) in TN, the maps p(N )W : TWTN → TwTrN
and e(W, V ) : Tw(TrN )→ Ty(TxM) being linear, the map e(W, V )◦p(N )W : TWTN → Ty(TxM)
is linear. As a consequence, f is linear from TxM × TWTN to Ty(TxM). 
Proof (Of Proposition). Let us write (8) as
p(N )Yt (∂Yt ) = e(Wt , Yt )p
(M)
Wt
(∂Wt ). (9)
By Remark 1, we have
p(N )Yt (∂Yt ) = p
(N )
Yt
(∂xt , 0)+ ∂yt .
Then (9) is equivalent to
∂yt = e(Wt , Yt )p(M)Wt (∂Wt )− p
(N )
Yt
(∂xt , 0). (10)
Set (Z t ) = ((xt ,Wt )), semimartingale in N×TM. Therefore, (9) is equivalent to the Stratonovich
s.d.e.
∂yt = f (Z t , Yt )∂Z t ,
where f is the coefficient given by Lemma 1.
This s.d.e. with linear coefficient f has a unique solution (Yt ) = ((xt , yt )) in TM, defined
up to explosion, which is also the unique solution of (8). As a consequence, (8) has a unique
solution (Yt ) = ((xt , yt )) in TM. 
In the following, we will be interested in the case where (Wt ) and so (Yt ) = ((xt , yt )) can
jump. By the foregoing, we will also have to assume that the projection (xt ) of (Yt ) on M is
known. For the case with jumps, we will have to assume moreover that the semimartingales
(xt ) on M and (Wt ) on TN jump at the same times. Actually, the driven semimartingale of a
covariant differential equation is not only (Wt ) in TN but more precisely (Z t ) = ((xt ,Wt )) in
M × TN.
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2. Stratonovich covariant differential equations with jumps
2.1. Definition
For (Wt ) a ca`dla`g semimartingale in TN, (xt ) a ca`dla`g semimartingale in M , jumping at the
same times as (Wt ), and Yo an F0-measurable variable in TM, we can now give meaning to a
Stratonovich covariant s.d.e. with jumps, written as follows:
4
∂V Yt = e(Wt− , Yt−)
4
∂V Wt , Y0 = Yo.
When (Wt ) jumps from W
−
t to Wt , the solution (Yt ) jumps from Yt− to Φ((Wt− , Yt−),Wt ).
According to the reminders, we describe the solution (Yt ) by giving the map Φ.
Connections p(N ) and p(M) are required, respectively on N and M , for the covariant calculus,
and an interpolation rule I(TN) is required on TN to describe the jumps of (Wt ). For instance,
if TN is simply convex, I(TN) may be the geodesic interpolation rule on TN, defined with the
connection p(TN) on TN, the horizontal lift of p(N ) (see [6] for more details).
When the semimartingale (Wt ) jumps, we interpolate it with I(TN) between the pointsWt− and
Wt . Then, Φ((Wt− , Yt−),Wt ) is the solution at time s = 1 of the covariant differential equation
driven by (I(TN)(s,Wt− ,Wt ))s∈[0,1], with coefficient e. We get a unique solution of this covariant
differential equation if the projection (xt ) of the solution is known. To describe its jumps on M ,
an interpolation rule I (M) is required in addition.
Definition 10. Let p(N ) and p(M) be connections, respectively on N and M , I(TN) be an
interpolation rule on TN, and I (M) an interpolation rule on M . Let (xt ,Wt ) be a ca`dla`g
semimartingale in M × TN and Yo an F0-measurable variable in TM.
We say that (Yt ) = ((xt , yt )) is a solution of the Stratonovich covariant s.d.e. with jumps
4
∂V Yt = e(Wt− , Yt−)
4
∂V Wt , Y0 = Yo, (11)
if (Yt ) is a solution of the s.d.e. with jumps
4
d Y = Φ(Y,
4
d W ), Y0 = Yo, (12)
with
Φ((Wt− , Yt−),Wt ) = Φ(1)
where (Φ(s))s∈[0,1] is defined above (I (M)(s, xt− , xt ))s∈[0,1] as the solution of the differential
covariant equation
∂VΦ(s)
∂s
= e(I(TN)(s,Wt− ,Wt ),Φ(s))∂
V I(TN)(s,Wt− ,Wt )
∂s
, Φ(0) = Yt− . (13)
Note that the covariant derivatives in (13) are defined with connections p(N ) for I(TN) and
p(M) for Φ.
Proposition 4. The Stratonovich covariant s.d.e. with jumps (11) has a unique solution (Yt ) =
((xt , yt )) in TM, defined up to explosion.
Proof. (11) is defined as equivalent to (12). Let us apply Proposition 1 to show that (12) has
a unique solution. First, we verify that Φ((Wt− , Yt−),Wt−) = Yt− . It corresponds to the case
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where (Wt ) and (xt ) do not jump. Then I(TN)(s,Wt− ,Wt−) = Wt− , so ∂
V I(TN)(s,Wt− ,Wt− )
∂s = 0.
Since the map e(Wt− ,Φ(s)) is linear, (13) gives
∂VΦ(s)
∂s
= 0,
that is Φ(1) is horizontal. By Remark 2, writing Φ(s) = (I (M)(s, xt− , xt ), φ(s)) ∈ TM, we get
τ
/
0s
∂
∂s
(τ
/
s0φ(s)) = 0
where (τ /0s)s∈[0,1] is the parallel transport along (I (M)(s, xt− , xt )). Since this map is linear, it
follows that τ /s0Φ(s) = τ /10Φ(1). But, in the case where xt = xt− , we have τ /10 = τ /s0 = I dTxt− M
and then Φ(s) is the constant Φ(0) = (xt− , yt−). This implies
Φ((Wt− , Yt−),Wt−) = Yt− .
The differential covariant equation (13) can be written as
p(M)Φ(s)
(
∂Φ
∂s
(s)
)
= e(I(TN)(s,Wt− ,Wt ),Φ(s))p(N )I(TN)(s,Wt− ,Wt )
(
∂I(TN)
∂s
(s,Wt− ,Wt )
)
.
(14)
It follows that
p(M)Φ(s)
(
∂ I (M)
∂s
(s, xt− , xt ),
∂φ(s)
∂s
)
= e(I(TN)(s,Wt− ,Wt ),Φ(s))p(N )I(TN)(s,Wt− ,Wt )
×
(
∂I(TN)
∂s
(s,Wt− ,Wt )
)
.
As for (10), it is equivalent to
∂φ(s)
∂s
= e(I(TN)(s,Wt− ,Wt ),Φ(s))p(N )I(TN)(s,Wt− ,Wt )
(
∂I(TN)
∂s
(s,Wt− ,Wt )
)
− p(M)Φ(s)
(
∂ I (M)
∂s
(s, xt− , xt ), 0
)
,
that is
∂φ(s)
∂s
= f (J (s, Z t− , Z t ),Φ(s))∂ J
∂s
(s, Z t− , Z t ) (15)
where Z t = (xt ,Wt ) ∈ M × TN, J is the interpolation rule on M × TN given, for every
Z1 = (x1,W1) and every Z2 = (x2,W2) in M × TN, by
J (s, Z1, Z2) = (I (M)(s, x1, x2), I(TN)(s,W1,W2)) ∈ M × TN,
and f is the coefficient given by Lemma 1.
Then (15) is a differential equation, similar to (3), which describes the jumps of the unique
solution of a Stratonovich s.d.e. This solution is also the unique solution of (11). 
Proposition 5. When the semimartingale (xt ,Wt ) is continuous, the Stratonovich covariant
s.d.e.
L. Maillard-Teyssier / Stochastic Processes and their Applications 116 (2006) 1860–1875 1871
4
∂V Yt = e(Wt− , Yt−)
4
∂V Wt
is equivalent to the continuous Stratonovich covariant s.d.e
∂VYt = e(Wt , Yt )∂VWt .
Proof. By the previous proof, we have shown that the differential covariant equation (13) can be
written as (15). By Definition 5, this implies that the s.d.e. (11) corresponds to the Stratonovich
s.d.e.
4
∂ yt = f (Z t− , Yt−)
4
∂ Z t .
When (xt ,Wt ) is continuous, so are (Yt ) = ((xt , yt )) and (Z t ) = ((xt ,Wt )). By Proposition 2,
we get the continuous Stratonovich s.d.e.
∂yt = f (Z t , Yt )∂Z t ,
equivalent to
∂Yt = e(Wt , Yt )∂Wt . 
2.2. Application to the horizontal lift of a ca`dla`g semimartingale
In [8], Norris defines the horizontal lift of a continuous semimartingale as the unique solution
of a covariant s.d.e. We extend this definition to the case of a ca`dla`g semimartingale as follows.
Definition 11. Let p be a connection on M and I be an interpolation rule on M . Let (xt )
be a ca`dla`g semimartingale in M . The horizontal lift (ut ) of (xt ), starting from a given
uo ∈ GL(Rm, Tx0M), is the unique curve ((xt , ut )) in GL(Rm,TM) (∀t, ut ∈ GL(Rm, Txt M))
satisfying the covariant s.d.e.
4
∂V (xt , ut ) = 0, u0 = uo, (16)
that is ∀z ∈ Rm,
4
∂V (xt , ut (z)) = 0.
Remark 4. The solution ((xt , ut )) depends on the choice of the connection p and of the
interpolation rule I . However, the choice of a connection p gives a way to describe geodesics on
M ; therefore, one may take for I the geodesic interpolation rule, and ((xt , ut )) may only depend
on p.
By the following proposition, we recover the description given by Cohen in [1] for the jumps of
the horizontal lift.
Proposition 6. When (xt ) jumps from xt− to xt , the jump of the horizontal lift ((xt , ut )), the
solution of (16), is a jump from (xt− , ut−) to
(xt , ut ) = (xt , τ /01ut−), (17)
where τ / is the parallel transport along (I (s, xt− , xt ))s∈[0,1].
Proof. We study the covariant s.d.e. ∂VUt = 0, where Ut = (xt , ut ).
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According to Definition 10, with e ≡ 0, the jump of (Ut ) is given by
Φ((Wt− ,Ut−),Wt ) = Φ(1)
where Φ(s) = (I (s, xt− , xt ), φ(s)) is a solution of the differential covariant equation
∂VΦ(s)
∂s
= 0, Φ(0) = Ut− .
By Remark 2, writing Φ(s) = (I (s, xt− , xt ), φ(s)), we get
τ
/
0s
∂τ
/
s0φ(s)
∂s
= 0,
where τ / is the parallel transport along (I (s, , xt− , xt ))s∈[0,1].
It follows that, for all s,
τ
/
s0φ(s) = τ /00φ(0).
Then, at time s = 1, we get
ut = φ(1) = τ /01φ(0) = τ /01ut− . 
The notion of horizontal semimartingale can also be introduced. It depends on a connection
p, and can also depend on an interpolation rule (see Remark 4).
Definition 12. Let p be a connection on M and I be an interpolation rule on M . Let (Yt ) =
((xt , yt )) be a ca`dla`g semimartingale in TM. We say that (Yt ) is p-horizontal if it is a solution of
the covariant s.d.e.
4
∂V Yt = 0.
Proposition 7. When (xt ) jumps from xt− to xt , the jump of the horizontal semimartingale (Yt )
is a jump from (xt− , yt−) to
Yt = (xt , τ /01yt−),
where τ / is the parallel transport along (I (s, xt− , xt ))s∈[0,1].
Proof. The proof is the same as for the horizontal lift. 
2.3. Application to M = R: Stratonovich covariant integral with jumps
Assume that the manifold M is R, endowed with the flat connection p(M). For every first order
form α on TN, let the coefficient e be given by
∀W = (r, w) ∈ TN,∀Y = (x, y) ∈ R2, e(W, Y ) = αW (0, .) : Tw(TrN )→ R
(writing TWTN = TrM × Tw(TrM), as in Remark 1).
Then the solution (yt ) of the particular s.d.e.
4
∂ yt = αWt− (0,
4
∂V Wt ) defines a Stratonovich
covariant integral with jumps.
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Definition 13. Let p be a connection on N and I an interpolation rule on TN.
Then the solution of the Stratonovich covariant s.d.e. with jumps
4
∂ yt = αWt− (0,
4
∂V Wt ) (18)
is called the Stratonovich covariant integral with jumps of α along (Wt ) and denoted by∫
αWt−
4
∂V Wt .
By the following proposition, we see that we recover the Stratonovich covariant integral
defined in part I of [7].
Proposition 8. When (Wt ) jumps from Wt− to Wt , the corresponding jump for the integral is
4
I (p∗α)Wt− (Wt ) =
∫ 1
0
αI(s,Wt− ,Wt )
∂V I
∂s
(s,Wt− ,Wt )ds, (19)
equivalently written as
4
I (p∗α)Wt− (Wt ) =
∫ 1
0
(p∗α)I(s,Wt− ,Wt )
∂I
∂s
(s,Wt− ,Wt )ds.
Proof. According to Definition 10, the jump of the solution (Yt ) for (18) is given by
Φ((Wt− , Yt−),Wt ) = Φ(1)
where Φ(s) = (piΦ(s), φ(s)) ∈ R2 is the solution of the differential covariant equation
∂φ(s)
∂s
= αI(s,Wt− ,Wt )
∂V I
∂s
(s,Wt− ,Wt ), Φ(0) = Yt− .
Then, integration between s = 0 and s = 1 gives:
φ(1) = φ(0)+
∫ 1
0
αI(s,Wt− ,Wt )
∂V I
∂s
(s,Wt− ,Wt )ds.
By Remark 2, and with the definition of p∗, we also have
φ(1) = φ(0)+
∫ 1
0
(p∗α)I(s,Wt− ,Wt )
∂I
∂s
(s,Wt− ,Wt )ds. 
Example 2. Let I be the geodesic interpolation rule on TN (see Example 1 with W = TN),
defined with the connection p(TN) on TN, the horizontal lift of p(N ). It can be shown (see [6])
that it is given by
I(s, (r1, w1), (r2, w2)) = (expr1(s exp−1r1 r2), τ /0s[s(τ /10(w2)− w1)+ w1]),
with (τ /0s) the parallel transport along the geodesic expr1(s exp
−1
r1 (r2)) on N . We can compute
the covariant derivative as
∂V I
∂s
(s,Wt− ,Wt ) = τ /0s
∂
∂s
[τ /s0.τ /0s(s(τ /10(wt )− wt−)+ wt−)],
that is ∂
V I
∂s (s,Wt− ,Wt ) = τ /0s(τ /10(wt ) − wt−). Therefore, for this example, the jump (19) is
expressed by
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4
I (p∗α)Wt− (Wt ) =
∫ 1
0
αI(s,Wt− ,Wt )τ
/
0sds(τ
/
10wt − wt−) (20)
where τ /0s(τ
/
10wt − wt−) is seen as an element of TI(s,Wt− ,Wt )(Texprt− (s exp−1rt− rt )N ), since it is the
covariant derivative of I(s,Wt− ,Wt ).
We showed in [7] that this integral has the following properties, that we shall expect for a
covariant integral: it recovers the classical integration when the semimartingale (Wt ) is vertical
(that is, if the semimartingale (rt ), the projection of (Wt ) on N , satisfies: ∀t, rt = r0) and
it vanishes when the semimartingale (Wt ) is p-horizontal (see the definition in the previous
paragraph).
Proposition 9. The Stratonovich covariant integral with jumps satisfies:
1. If (Wt ) = ((rt , wt )) is a vertical ca`dla`g semimartingale on TN,∫
αWt
4
∂V Wt =
∫
αWt
4
∂ wt .
2. If (Wt ) = ((rt , wt )) is a p-horizontal semimartingale on TN,∫
αWt
4
∂V Wt = 0.
Proof. See [7]. 
2.4. Discretization of a Stratonovich covariant differential equation
For a Stratonovich covariant s.d.e. with jumps, Theorem 1 gives the following. Note that we
can take the same T nk for the semimartingales (Wt ) and (xt ), since they are assumed to jump at
the same times.
Theorem 2. Consider the sequence (Y nt ), defined by
• Y n0 = Yo.• For t ∈ [T nk , T nk+1] and k < k(n),
Y nt = ΦS(1)
where (ΦS(s))s∈[0,1] is defined above (I (M)(s, xT kn , xt )s∈[0,1]), as the solution of the
differential covariant equation
∂VΦS(s)
∂s
= e(I(s,WT kn ,Wt ),ΦS(s))
∂V I(s,WT kn ,Wt )
∂s
, ΦS(0) = Y nT kn .
• For t ≥ T nk(n),
Y nt = ΨS(1)
where (ΨS(s))s∈[0,1] is defined above (I (M)(s, xT k(n)n , xt ))s∈[0,1], as the solution of the
differential covariant equation
∂VΨS(s)
∂s
= e(I(s,W
T k(n)n
,Wt ),ΨS(s))
∂V I(s,W
T k(n)n
,Wt )
∂s
, ΨS(0) = Y nT k(n)n ,
for a subdivision (σ n)n∈N = ((T kn )k≤k(n))n∈N converging to the Identity.
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Then the process (Y nt ) converges uniformly on compacts in probability to the unique solution
(Yt ) = ((xt , yt )), defined on [0, T ], of the Stratonovich covariant s.d.e.
4
∂V Yt = e(Wt− , Yt−)
4
∂V Wt , Y0 = Yo.
3. Conclusion
The formalism developed in this paper concerns semimartingales in TM, but it may be
generalized to processes in principal bundles over M , where most of examples of covariant
equations are. For instance, the formalism will allow us to study s.d.e. encountered in gauge
theories (see [3]). Itoˆ covariant s.d.e. are also interesting to study, and this will be done in a
later paper. Following [7] and [6], two approaches are possible: one uses the pullback of the
connection, in the same way as has been done in this paper; the other rests on the notion of
transport, describing covariant jumps in the manifold. We see in [6] that this second approach is
well adapted to the Itoˆ calculus but not to the Stratonovich one, since it does not recover Norris’s
continuous Stratonovich covariant integral of [8].
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